Transition states or quantum states of zero energy appear at the boundary between the discrete part of the spectrum of negative energies and the continuum part of positive energy states. As such, transition states can be regarded as a limiting case of a bound state with vanishing binding energy, emerging for a particular set of critical potential parameters. In this work we study the properties of these critical parameters for short range central potentials. To this end we develop two exact methods and also utilize the first and second order WKB approximations. Using these methods we have calculated the critical parameters for several widely used central potentials.
methods we have calculated the critical parameters for several widely used central potentials.
The general analytic expressions for the asymptotic representations of the critical parameters were derived for cases where either the orbital quantum number l or the number n of bound states approaches infinity.
The above mathematical models enable us to answer the following physical (quantum mechanical) questions: i) what is the number of bound states for a given central potential and given orbital quantum number l; ii) what is the maximum value of l which can provide a bound state for the given central potential; iii) what is the order of energy levels for the given form of the central potential.
It is revealed that the ordering of energy levels depends on the potential singularity at the origin.
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I. INTRODUCTION
It is generally agreed that estimating the number of bound states of the Schrödinger equation is a problem of great practical importance. A substantial effort was devoted for evaluating the upper and lower limits on the number of bound states for a given central potential. V. Bargmann [1] and J. Schwinger [2] seem to be the first who tackled this problem. Since then many authors have contributed to the study of this problem. Among them we would like to refer to the works [3] [4] [5] [6] [7] and to emphasize particularly the contribution of F. Calogero and F. Brau [8] [9] [10] [11] [12] .
The purpose of the current contribution is to present a systematic approach to the investigation of quantum states with zero energy. These transition states appear between the discrete part of the spectrum of negative energies and the continuum part of positive ener- These results enable one to obtain the exact number of bound states for these potentials without any additional computations.
Analyzing our results we have observed the following universal properties of the solutions of the Schrödinger equation with central potentials: (a) For a given orbital angular momentum quantum number l the n th critical value of the universal parameter β n,l of any potential behaves as n 2 for large n. (b) For a given number n of bound states the critical parameter β n,l grows as l 2 with increasing l. Both results can be explained with the help of the WKB approximation. (c) The ordering of the energy levels with various {n, l} depends on the potential singularity at the origin.
The paper is organized as follows. In Section II we briefly discuss the Schrödinger equation and the properties of short range potentials. The asymptotic behavior of the solution at the origin and at infinity is discussed in sections III,IV, respectively. In section V we introduce a phase-kind equation for the transition states, and in section VI we describe the WKB approximations for calculation of the critical parameters. The analytic asymptotic expressions for the critical parameters are presented in section VII. Numerical results and conclusions then follow in sections VIII and IX.
II. SHORT RANGE POTENTIALS
Let us start this section with a quotation from section §18 in the Landau & Lifshitz textbook on quantum mechanics [13] : "If the field diminishes as −1/r s at infinity, with s > 2, then there are not levels of arbitrarily small negative energy. The discrete spectrum
terminates at a level with a non-zero absolute value, so that the total number of levels is finite".
We notice, that the statement expounded in the first sentence of the above quotation is doubtful. It contradicts our practical experience and also section §133 of the same book [13] . The conclusion made in the second sentence proves to be true.
Therefore, we shall consider central potentials V (r) satisfying the corresponding boundary condition at infinity:
Near the origin, the boundary condition for an attractive potential can be written in a similar
to avoid fall of a particle to the center [13] ( § §18,35).
We shall consider the class of potentials which can be presented in the form:
where g is the coupling constant which determines the strength of the interaction. Note that according to condition (2) the power s must satisfy the inequality
where p corresponds to the leading term in series expansion of function f (r) near the origin
It should be realized that the definition (3) describes a wide class of potentials such as, e.g., square well, exponential, Hulthen, Gaussian, Yukawa, Woods-Saxon and many others.
The radial part of the Schrödinger equation for a single particle moving in a central potential field takes the form [13] ( §32):
where m is the reduced mass, and χ ≡ χ l (r) is the reduced radial part of the wave function for a stationary state with angular momentum l and energy E.
Changing the potential parameters the appearance of a new bound state is accompanied with a new solution of Eq.(6) for E = 0. As we limit our discussion to potentials of the form (3), we rewrite Eq.(6) for zero energy in the form
The scale transformation x = r/r 0 leads to the equation:
It is seen that the potentials V (r, r 0 ) and r 2−s 0 V (r, 1) have equivalent solutions of Eq.(6). Thus, we are interested in solving the equation
where
Now our choice of the form (3) for central potentials becomes clear. The solutions of Eq. (9) for a given angular momentum quantum number l depend effectively, (see, e.g., [14] ) only on one parameter
Eq. (9) is a differential equation of a second order. In order to solve it both analytically and numerically one needs to know the behavior of its solution near the origin and at infinity.
III. THE SOLUTION NEAR THE ORIGIN
At first, let us consider the solution of Eq.(9) near the origin. Expanding the potential into a power series and keeping only the leading term we obtain
and q is defined by Eq.(4). The particular solution of Eq. (13), satisfying the boundary condition
has the form
where J ν (z) is the Bessel function of the first kind, and A is an arbitrary constant. Keeping the first two terms in the series expansion of the function (16), one obtains
In general, for integer and half-integer q the solution of Eq.(9) satisfying the boundary condition (15) can be presented by the following infinite series
For integer q all of the b-coefficients should be zero. It follows from Eq.(17) that
Substituting the representation (18) into Eq. (9), and then equating the expansion coefficients of the same powers of r for the left-hand (lhs) and right-hand sides (rhs) of Eq.(9), one can calculate any finite number of the subsequent coefficients c i and b i with i ≥ 1.
IV. THE ASYMPTOTIC BEHAVIOR OF TRANSITION STATES
For an eigenfunction Ψ belonging to the discrete part of the spectrum, the integral |Ψ| 2 dV , taken over all space, is finite. This certainly means that |Ψ| 2 decreases quite rapidly, becoming zero at infinity. The motion of the system is limited to a finite range, and it is said to be in a bound state. For wave functions belonging to the continuous part of the spectrum, the integral |Ψ| 2 dV diverges due to the fact that |Ψ| 2 does not become zero at infinity (or becomes zero insufficiently rapidly).
On the other hand [13] ( § 18), the spectrum of negative eigenvalues of the energy is discrete, i.e. all states with E < 0 in the field which vanishes at infinity are bound states.
The positive eigenvalues E > 0, on the other hand, form a continuous spectrum.
In other words, for the bound states the eigenvalues of the energy E < 0, and the eigenfunctions must satisfy the boundary condition
In contrary, for a free state that belongs to the continuous spectrum the energy eigenvalues E > 0 and |Ψ| 2 does not become zero at infinity (or becomes zero insufficiently rapidly).
For the transition states with E = 0 the asymptotic behavior (r → ∞) of the eigenfunctions remains unclear.
The important step is to realize that the boundary condition (20) must be valid for the transition states (E = 0) as well. Thus, for these states |Ψ| 2 achieves zero at infinity. However, we note that it may tend to zero too slowly to ensure the convergence of the integral |Ψ| 2 dV .
In the following we shall rely on the boundary condition (20) for the transition states.
For l > 0 the asymptotic boundary condition (1) enables us to neglect the potential V (r) = −βv(r) in Eqs. (9)- (11) at large enough r. The general solution of the resulting equation has a form
where C 1 and C 2 are arbitrary constants. As Ψ ∼ R(r) = χ l (r)/r, one should put C 1 = 0 in order to satisfy the asymptotic condition (20) . Thus, we get
Expressing the latter equation in the form r l χ l (r) ≃ r→∞ const, we obtain the following condition for the first derivative:
It is clear that the asymptotic behavior of the solution χ l (r) of Eq.(9) depends on the parameter β of the effective potential (10) . Thus, according to Eq. (23), the solution χ l of Eq.(9) fulfills the asymptotic condition
for the critical parameters β n . Here n is a number of zeros of the function F l (β) for the given potential (10) . Hence, by definition, if for a given l the potential V (r) is characterized by the parameters meeting β n+1 ≥ β > β n then the proper number of bound states equals n.
The asymptotic condition (24) was derived assuming that the orbital quantum number l > 0. However, it is easy to show that Eq. (24) preserves its validity also for l = 0. A typical graph of the function F l (β) is presented in Fig. 1 .
The straightforward solution of the second order differential equation (9) with the boundary conditions (17) and (24) presents our first method for calculating the critical parameters β n of a given attractive potential (3) satisfying the boundary conditions (1) and (2).
This method is especially effective and accurate for small values of l. For a few potentials, such as the exponential, the Hulthen and the Woods-Saxon, one can derive analytical expressions for the critical parameters using this method (see Appendix). However, this is possible only for S-states (l = 0), when Eq.(9) with the potentials mentioned above has a general analytical solution. We are familiar with only one form of central potential which admits an analytical solution of Eq. (9) for l ≥ 0. It is a cut-off potential (described in the Appendix) for which the finite square well potential presents its particular case.
Let us add one important comment. We refer to Eq. (24) as the asymptotic behavior condition. However, the solution (21), and therefore -condition (24), correspond to the assumption that the potential V (r) is negligible in comparison with the centrifugal term l(l + 1)/r 2 . Therefore, the condition (24) is applicable at a distance r when the condition
is satisfied.
V. EQUATION OF THE PHASE KIND
It was mentioned in the preceding section that the straightforward method for calculating the critical parameters of central potentials loses its accuracy with increasing angular momentum quantum number l. In this section we propose another method for calculating these parameters. This method is based on the logarithmic derivative y(r) = χ ′ (r)/χ(r) of the reduced radial wave function introduced earlier. The final equations are close to, but differ from the so called phase equations presented in [10, 12] .
Let us start with the trivial identity
and transform the radial Schrödinger equation (9) into a Riccati type equation for the corresponding logarithmic derivative y(r) ≡ y l (r):
The asymptotic behavior of the logarithmic derivative for l > 0
follows from the asymptotic representation (22) .
To deduce the asymptotic behavior of the logarithmic derivative for the transition Sstates (l = 0) let us start with the fact that for this case the rhs of Eq.(27) equals V (r). Let us then consider central potentials with the asymptotic behavior
where µ > 2 according to the boundary condition (1). The general solution of the proper Schrödinger equation (9) has a form:
It is seen that for µ > 2 the argument of the Bessel function goes to zero as r → ∞. Thus, using series expansion for the Bessel functions, it is easy to show that one should put C 2 = 0 in order to satisfy the boundary condition (20) . Taking then the logarithmic derivative for the resulting χ(r), and once more using a series expansion for the Bessel functions, one obtains:
It is clear that the asymptotic solution (32) of the Riccati equation (27) for l = 0 satisfies the following inequality:
The asymptotic solution of the Schrödinger equation (9) It is reasonable to suggest that inequality (33) is valid for all of the short range potentials (may be excluding only the cut-off potentials). In this case, one can neglect the square of the logarithmic derivative in the lhs of Eq. (27) . The solution of the latter equation with l = 0 can be obtained then in the explicit form
For potentials with the asymptotic behavior (29), formula (35) gives the asymptotic representation (32). For the exponential potential, the rhs of Eq.(35) leads to (34).
For the Yukawa and Gaussian potentials Eq.(35) yields:
For deriving the latter expressions we used the leading terms of the asymptotic expansions of the incomplete gamma function Γ(0, r) and the complementary error function erfc(r) obtained as the results of integration in Eq.(35).
It is easy to check that the asymptotic logarithmic derivatives (36) satisfy the inequality (33).
The substitution
enables us to transform Eq. (27) into the following equation for the phase function η(r):
The stabilizing function K(r) can be chosen in a sufficiently arbitrary manner. The simplest choice is K(r) = 1. In this case, the boundary conditions (28) and (35) define the following asymptotic condition for η(r):
Any function K(r) that preserves the limit, lim r→∞ [y(r)/K(r)] = 0 provides the asymptotic behavior (39). It was established (at least numerically) that the more precise results are provided by stabilizing functions of the form:
where U l (r) governs the behavior of U(r) both near the origin and at infinity, that is
Use of the stabilizing functions (40)-(41) enables us to replace Eq.(38) with two simpler equations:
Substituting expressions (40)-(41) for l > 0 into definition (37) with the asymptotic form (28), one obtains: cot η(∞) = − l/(l + 1). Thus, the critical parameters β n must provide the following asymptotic behavior for the function η(r):
Eq. It is seen from Eq.(42) that the stabilizing function K 0 (r) = U 0 (r) can be applicable only in case of its nodeless character, otherwise, the simplest choice is K 0 (r) = 1.
The technique described above in this section is sufficient for presentation of the second method for calculating the critical parameters of central potentials of the from (3).
However, we would like to make some additional remarks that can be useful. give the desired critical parameters β = β n .
As an additional useful information it can be shown that
This is because of the following. Setting β = 0, the second term disappears from the rhs of Eq.(42). The analytic solution to the resultant equation has a form:
Condition (1) 
For arbitrary finite real C, tanh presented in Eq.(48) approaches 1 as r → ∞. The resultant expression thus reduces to δ l .
VI. THE FIRST AND SECOND ORDER WKB APPROXIMATIONS
In this section we apply the first-order and the second-order WKB approaches to calculating the critical parameters of central potentials. Unlike the exact methods presented earlier these methods are certainly approximate but they are also much simpler.
Specific modification of the first-order WKB approach presented below cannot provide results of high precision. However, its accuracy grows rapidly with increasing the number n of bound states. It is important to note that this method can be applied to transition states with any orbital quantum number l ≥ 0.
The accuracy of the second-order WKB method grows with increasing l. For example, the relative error for l > 10 can be less than 10 −5 . This enables one to test the results obtained by the phase kind method (Sec.V) for large l. On the other hand, this method can be used by itself if a very high accuracy is not needed. The disadvantage of this method is its inapplicability for the transition S-states (l = 0).
For E = 0 the presence of the centrifugal term in the effective potential U(r) ensures the existence of two turning points for attractive potentials of the form (3). In the second-order approximation [16] the WKB quantization condition [17] [18] [19] , as applied to our consideration, can be written as
where n is the number of bound states as in the previous sections. The term
together with the term S 1 = −π/2 correspond to the first order WKB-approximation (for two turning points). The turning points r 1 and r 2 are the roots of the equation
where the function v(r) is defined by Eqs. (3), (11) . The second-order correction takes the form [16] S 2 = lim µ→+0 1 48
where a 1 , b 1 , a 2 and b 2 are the expansion coefficients of the effective potential U(r) in the neighborhood of the turning points. That is
where from Eq.(51) it can be seen that
Notice that the small magnitude of the second-order correction (52) results from the difference of two large terms. Therefore, both these terms must be calculated with high accuracy.
Nevertheless, we would like to emphasize that this correction increases the accuracy by two to three orders of magnitude.
A modification of the first-order WKB method, where the centrifugal potential is excluded from the quasiclassical momentum [28] , can be applied for calculating the critical parameters under consideration. According to this approach, the quantization condition for the transition states (E = 0) reduces to:
In accordance to its definition (4), the parameter q is ruled by the behavior of the central potential near the origin. The cut-off potential (A1) presents an exclusion. The exact analytic solution for this case is presented in the Appendix.
VII. THE CRITICAL PARAMETER ASYMPTOTICS
It was shown in the previous sections that in general the critical parameters for central potentials can be calculated numerically. For a few special cases, presented in the Appendix, one can deduce the analytical results.
In this section it will be shown that it is possible to derive the analytical expressions for the asymptotic form of the critical parameters β ≡ β n,l . In so doing, asymptotic implies a situation where either the number of bound states n approaches infinity for a given finite l, or the orbital angular momentum quantum number l goes to infinity for a given finite n.
The first order WKB approach is applied to solve this problem.
First, let us consider the case of finite n where l → ∞.
Numerical calculations demonstrate that the distance between turning points |r 1 − r 2 | reaches zero as l approaches infinity. This result can be explained and supported by the following arguments. According to Eqs.(49), (50) the standard Bohr-Sommerfeld quantization condition for the transition states reads
This means that the effective potential U(r) must be negative in the range [r 1 , r 2 ]. Hence, according to Eq.(10) the critical parameter β must tend to infinity as l 2 or faster for l → ∞.
The latter in turn implies that the integrand in the LHS of Eq.(57) approaches infinity as l → ∞, whereas the RHS of Eq.(57) remains finite. The above contradiction can be eliminated only by setting r 1 = r 2 for the limits of integration, which proves the statement.
It is clear that the point R m of minimum of the effective potential U(r) is localized in the region [r 1 , r 2 ], that is
Therefore, for l approaches infinity R m tends to the point where the turning points r 1 and r 2 merge. Hence, in order to calculate r m = lim l→∞ R m it is enough to solve the following set of equations:
Substituting the explicit form (10) into (59) and eliminating β and l, one obtains the following simple equation for r m :
Now, any of the two equations (59) gives the required asymptotic expression:
The second derivatives d l = d 2 β n,l /dl 2 of the asymptotic critical parameters (61) are presented in Table I along with the values of ∆ n,l = β n,l+1 − 2β n,l + β n,l−1 which approximate the general second derivative d 2 β n,l /dl 2 numerically. It is seen from this Table that 
The numerical results for ∆ n,l = β n,l+1 − 2β n,l + β n,l−1 and Notice that a set of equations (59) for calculating r m cannot be applied to the cut-off potential (A1). The correct result (A24) can be obtained by setting r m = 1, that is by equating the merging point r m and the matching point r = 1. Now let us consider the case of n → ∞ (l is finite). To this end, one can successfully employ the modified WKB method [28] presented in the previous section. According to the authors of [28] , their method is "exact in the asymptotic limit n r → ∞", where n r = n − 1.
Our numerical results confirm this assertion. Thus, using directly the quantization condition (55), one obtains:
and the parameter γ l,q is defined in Eq.(56). 
VIII. NUMERICAL RESULTS
The second derivatives d n = d 2 β n,l /dn 2 of the asymptotic critical parameters (63) are presented in Table I along with values of Λ n,l = β n+1,l − 2β n,l + β n−1,l which approximate the general second derivative d 2 β n,l /dn 2 numerically. It is seen that for the numerical second derivative ∆ n,l the speed u l of a convergence to the asymptotic value d l (l → ∞) depends on the number of bound states n. The fastest convergence corresponds to the smallest n = 1.
A similar situation is observed for the speed u n of the convergence of Λ n,l to d n (n → ∞).
In this case, the fastest convergence corresponds to the smallest l = 0. Moreover, Table I shows that u l far exceeds u n .
Using the first and second methods described in Sections IV and V, respectively, we have Tables VI and VII, respectively. The first value of parameter x 0 presents the minimal value of parameter R = 0.
By contrast, the second value of parameter x 0 corresponds to the case of a large value of R/r 0 corresponding, e.g., to the optical-model calculations [20] .
The critical parameters for the exponential, Hulthen and Woods-Saxon potentials appearing in the Schrödinger equation with the orbital angular momentum quantum number l = 0 (S-states) can be calculated analytically. For the exponential and Woods-Saxon potentials the requested solutions (l = 0) are proportional to the squares of zeros of the corresponding special functions (see Appendix). It is worth noting that the critical parameters for the Hulthen potential (l = 0) have an especially simple form. They are equal to n 2 where the number of bound states equals n. All these parameters are displayed in Tables II, III, VI and VII for convenient comparing with the cases of l > 0. Notice that the relative difference between the results obtained by the first method and the analytical ones is less than 10 −14 .
The critical parameters for the cut-off potential of the form (A1) are not numerically presented here, because there is no problem to provide the proper calculations according to Eq.(A7) for any orbital quantum number l and parameter s. However, we have performed the corresponding computations in order to test both the first and second methods. The relative difference was less than 10 −12 for the second method (Sec.V) for l ≤ 20. The first method provides the same accuracy only for small values of l ≤ 3, whereas for large l this accuracy can be provided only for l + n ≤ 20. One should notice that all computations were performed by means of the simplest Mathematica-7 codes using the standard (default) working precision. It is possible, of course, to enhance the calculation accuracy using, e.g., the better working precision.
Due to lack of space we have restricted the results in our Tables to eight significant figures and values of l + n ≤ 16.
The Yukawa potential is the only one for which we have revealed some earlier results on critical parameters [21] . They are presented there as the critical screening length for the one-electron eigenstates which were obtained in frame of standard energy calculations.
Those results are limited by 5 significant figures and l + n ≤ 9, and coincide practically with those exhibited here in Table VI .
For the Gaussian potential we have found only the results of the binding energy calculations (see, e.g., Ref. [22] [23] [24] [25] ). These energies were computed for l + n ≤ 8 and were completely consistent with the critical parameters presented here in Table VII .
IX. CONCLUSIONS
In conclusion, we would like to emphasize that the critical parameters are not of some particular character.
First, they present some universal characteristics of central potentials.
Second, using the tables of these parameters, one can answer the following questions:
1) What is the number n of bound states for the given central potential and given orbital quantum number l.
2) What is the maximum value of l which can provide a bound state for the given central potential, or vice versa, what is the minimum critical parameter which can provide a bound state with a given l for the given central potential.
3) What is the mutual arrangement (order) of the energy levels E n,l (characterized by the quantum numbers n and l) for the given form of central potential.
It is clear that the binding energy E n,l rises as the number n of bound states or the orbital angular momentum quantum number l increases. Tables II-VII show that the critical parameters β n,l exhibit the same properties in respect to the numbers {n, l}. It is important to realize that for any two sets {n 1 , l 1 } and {n 2 , l 2 } it follows from inequality
for the given central potential that
Therefore, from the presented Tables we can deduce the following important properties of the discrete energy spectrum of the considered central potentials:
E n,l > E n+1,l−1 f or the Hulthen and Y ukawa potentials, E n,l < E n+1,l−1 f or the exponential, Gaussian and W oods − Saxon potentials.
This probably relates to the fact that the Hulthen and the Yukawa potentials are singular at the origin.
It was established that the leading terms of the asymptotic expansions of the critical parameters β n,l have the following forms:
where the general analytic expressions for the factors a l ≡ d l /2 and a n ≡ d n /2 are presented in section VII. The first of the relationships (68) is valid for a finite number n of bound states, whereas the second one is valid for a finite orbital angular momentum quantum number l.
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From expansion (9.5.12) [15] for large zeros one has:
and using Eq.(A7), one obtains the following asymptotic expression for the critical parameters corresponding to potential (A1):
This yields, in particular:
From expansion for zeros of the Bessel functions of large order [26] (see, also (9.5.14) [15] ), one has:
The first coefficients α k,n for {k, n} ≤ 5 can be found in [26] . Thus, using Eq.(A9), one obtains for large enough l:
It is seen that the leading term of the asymptotic (l → ∞) expansion of the critical parameter is given by
Exponential potential
The exponential potential has a form:
Eq. (9) with the potential (A15) reads
Parameter β is defined here by Eq. (12) 
where q = 2 √ β, whereas J 0 (z) and Y 0 (z) are the Bessel functions of the first and second kind, respectively. The argument of the Bessel functions in Eq.(A17) achieves zero as r → ∞.
Therefore, using series expansion for the Bessel functions [15] J 0 qe
one should put
in order solution (A17) satisfies the asymptotic boundary condition (20) . Taking into account condition (A19) for the transition state, and the first of expansions (A18) one can write for the asymptotic behavior of the solution (A17):
From Eq.(A19) one obtains for the critical parameters:
where j 0,n presents the n th positive zero of the Bessel function J 0 (z).
Putting ν = 0 in expansion (A8) for large zeros, one obtains:
This yields
The value of second derivative lim n→∞ d 2 β n /dn 2 = π 2 /2 coincides with the corresponding value (A11) for the FSW-like potential with s = 1.
Hulthen potential
For the Hulthen potential
Eq.(9) becomes
For this differential equation one can obtain a general analytic solution of the form
with
only for S-states (l = 0). 
where Γ(z) denotes Euler's gamma function. The latter representation enables us to obtain the vanishing at the origin (r → 0 ⇒ x → 1 ) solution in the form:
with arbitrary constant C. For examination of the asymptotic behavior of solution (A29), one can use formula (15.3.13) [15] , which yields:
Inserting the asymptotic representation (A30) for a = α and a = −α into the rhs of Eq.(A29), one obtains after some transformations:
On the other hand, series expansion of solution (A29) near x = 1 (r → 0) yields:
Putting
one can get rid of α-dependence for the leading term of the χ(r) series expansion. Substituting expression (A33) into the asymptotic representation (A31), one finally obtains:
Thus, in order to satisfy asymptotic condition (20) , one should put:
The roots of Eq.(A35) are the integers, that is α n = n. Thus, from definition (A27) one obtains that the critical parameters for the Hulthen potential can be determined from the simplest relation: 2mgr
where n is a number of S-bound states.
Woods-Saxon potential
Finally, let us examine the Woods-Saxon potential
which is the most complicated one. For this case Eq.(9) takes a form:
where β is defined by Eq. (12) 
Thus, to satisfy the condition (20) for the transitional states, one should put
The roots β n = α 
In terms of zeros j 0,n of the Bessel functions, one can then write down:
Taking into account expansion (A22), one obtains finally: 
